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0 isopenbounded f isgiven Lu Z A Uq EbillUyt Ck U Divergenceform
OR
Lu a UxUg 2biaum CHIU Nondivform

Assumethesymmetry condition A a

DefWesay L is uniformly Elliptic if 7 O o sit Za Sis201512 it gtkn ae xEV
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Weaksolution

Assume aid bi c E EIV V ki jen i f E E V
n f Lu 2 a ua bin t cu

multiply bothsidesby atest function VCCivand integrate byparbs
Motivation

Assume u is smooth

a n v 2biuxi.ro curedx Jof v DX bilinear formulation
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Definition Thebilinear form BL I associated withthe divergence form ellipticoperator L
is BLuif I 2 a u vg.t biux.io canDX it U v EHdw
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Wesay atHilo is a weak solution of f Lun Inyou if BluntICtDeco HUEHIMfndx

RMK Sometimes thissetup iscalled the variational formulation ofthe Boundary value problemminimmerofsomeenergyfunctional
Moregenerally onemayconsiderthe problem
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Def Wesay u cHilo is a weak solution totheBVP if
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RMK Other boundary value conditions canbe transformed intothe simple setting asabove
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Takeg tobe thetraceof WEHCU

T U w Then LT I f Lw in 0
I o on 20

WEH LwCIt Soit reallyneedsto discuss Ht space if onewantsto solvegeneralBVP

Existenceof weak solutions LaxMilgram
Assume H IR HilbertSpace NormHH innerproduct C 1

Theorem RieszRepresentation l is a boundedlinearfunctionon H Then I UEH set flu cu v UVEH

RMKtheresultis obvious if His separablewitha basis entreeµ ltv DEvie 2Ville
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If It isNOTseparable assume u exists and then workbackwards H CU Ut



Theorem Lax Milgram essentialpart suppose B H H IR is a bilinearform
Assume IBlu.it EQ HUHHUH forsome aso Vu.ru EH Then

B u u Au v where A H H is a bounded linearoperato

Furthermore if B is coercive ice Bluu 7 8Hull forsome 820 Then A is invertible
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aUHHis a new innerproduct on It One can prove Lax Milgram byRiezdirectly



Corollary Lax Milgram usualversion

Letf bea bounded linear functional on It with paring flu c f v
If B is bounded coercive bilinear formon H Thenthe equation

Blair c f v t VEH
has a unique solution U in It
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EnergyEstimateof EllipticPDEs
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Blaire 2 11Dui CfoWdx Cc o is an appropriate const

Nowrecall Poincare Hulk EG IlDulli
Hulton Nuke

Blu.us 17 HultzPHullum
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RNK BE HIHI is coercive butBt itself maynotbe coercive in general

1hm Existence of weaksolutions
Thereexists 220 Sit foreach µzV and each function fCECU there exists a unique

weaksolution UEHilo of BVP f Lutra f in0U o on30

Proof Butu.vt B u.rs tu Lu v where u.VEHdtv
Thenapply taiga Go

appliablethanks to energy estimate
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Fredholm Alternative for compact operators Adjoint perspective

X Y IR BannuSpace H R Hilbertspace with C innerproduct

Theorem Fredholm alternative

Let K H H bea compact linear operator i.e

xn bounded inH kin contains a cow subsequence

Then

i N L K U I k u o is finitedimensional

wi R I K is finite dimensional
iii Rl I K NCI k't
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Iiv NCI K fo iff RCI 14 11
Iv dimNCIH dim NII k't

Def i Adjointoperator L't isdefined as
L v Ela y Ebin cEbi u

provided biedl Kien

MotivationJLu ud aiouxijg.ut biux.ir cureDXveii v Note ulyjo.noboundaryterms
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funEudx

Ii adjoint bilinear form B Ho Ho IR is definedas
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Them General Existence Thmofweaksol Fredholm
dichotomyof Fred Alternative

i Oneofthe following holds
either0Foreach fEEN 7 UtHdtvto fluff inyou

OR 7 weaksol n l u10 of Lu o in U
u o on20

Iii If I nontrivial Sol Lu o in 0 Then dim N L dimNIH
U 0 on 20 SX

iii LunIof info has a weaksol iff ft ul o out Nut

ProofofLil
Chaseµ r asbefore Consider Lyn Lui ru Then Lsu y in0 is solvable vgEECUu o on20
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I u o on 20t

U I's rutt
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Haim K I E is bounded linear compact operator

Proof pHull w E BEnut ly U HghHulk d HghHully

11kg4y allglli
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either a u ku he has

a unique solution weECU th EEN



or b n kn
has a non zero solution inElo

Translate backto Luand f Done odd

Proofof Iii
thyFredholm alternative to theoperator I K either U ku h hasa

uniquesoi.uc.eu vh
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anontrivialad
in Ect

If U ku o has a nontrivial sol inELO

Lu o in 0 has a nonzero
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From general Fredohlm theory

dim UENO n ku_o dim veil n k v o to

roofof Liii
tf tfofnon has a weak sol then

Lu 4 Cf y VyeCig0
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Bydensity argument take YE NIE f 41 0
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Converse also holdsby decomposingTinto kernel and cokernelof I K that

Theorem 3rd Existence ofweaksol
weekIi Thereexist atmost countable set ER sit Lu du if inv has a unique solution in Hdtv

foreach fEEL0 iff z
I o on20

Ii If 2 isinfinite then 2 14 dishes die x as k x



Def Wecall ZEIRthe real specturm of the operator L
Inparticular Lauzon inn0g has a nontrivial sol Upw Iff ape2

eigenfunction eigenvalue

ProofofTheorem
Take 2 so as the same const as before Assume X V

Lu dutf in Fredholm has a uniquesolfor in hasonlytrivial
U o on 20 Alternative each feel

t YI on 0 wearsol

Lux2u Her U in 0 U Lifeat2 u I Ku
quiverlible on20

Recall K E E is bounded linear compact operator

Is u o the only sol of Ku ITU
Ans It happens iff Fr is NOT an eigen value of K

Hence it sufficesto consider eigenvalues of K From general theoryof compact operators weknow
eigenvalues of K islileither a finite set

i or asequence conveying to zero Xn too Botha

Theorem Boundednessof Inverse
tf Xd2 HUHero E C llfllhyoy.itfetus Utt is the unique weakd of
Lu duet in 0 E'IIIm L
U o and0

Proof Assume not Then I fiji EL fuk Hit01 sit Lukduktfk in
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Also by Energy Estimate supHuat 0 E const is bounded



A by Lnergy usual gap1 cHoyo ounded

7 a subsequence Uig UCHim weakly Rellish kontrodrov
Uk U strongly in E compactembeday

LukeMlkIfk in E f Lu
du in 0

Uk o on20 U O on 20

U is a nontrivial Hull 1 weak sol

But a f 2 Contradiction

Regularity Lu f tryto show U is smooth
Motivation Consider ou f UEC U decays suff fast as x

fpifdx fjoujdx i.IT fpynxixiug.grdx

I fµ xigUg dx
HD'ulle 11711 I UggUxixjdin

11154 dx to Ushould have H regularity if feltat
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Interior regularity
Assume C IN open bounded UtHolo is a weaksolof Lu f
where Lue Z aUx 1 bUq c U Assume uniform elliptic

Theorem Interior regularity
Assume a Edlo bi c CCTU fCEto
Suppose UCH O is a weaksol of Lu f
Then uCHine01


