
I 1
Moreover V VCC U.HU lHyv E thatHullum

RNKWedo not require UEHo't01
Since u cHi.cl01 Lu f ae in

previously without regularity UEH Lu f Eti in weaksense Integrate againsta
testfunction

Proof Lu v Blunt f u u ut U

Lu f u o f Lu ae
Cbloc

Proofof Theorem
1 Fix VCC0 Choose open Wat V CcW Cc 0
Choose cutoffGEC sit 01 19 1 on T 9 0 onIR W

Since u is a weak solution Bydef Blu.us f v UveHo't0

nJuaUxNg_tofudxwhere I f 4biUq cu
Nextidea tryto plug in some N'sto obtain some estimates

direction

Nowlet h obesmall Fix kte11,2 n Take v Dish Rhu n nexthehnix
differencequotient Y a

Motivation faiiu.mg

utin v Zaku aUq12µmg faiop.ujq.H.mg lowerorderterms
Ellipticity

7 112Dulli lowerorderterms

U DDku f a Dinu Dink because integration byparts gives DI
v DIDieu need localization

E auxiv.ge Ivdxu DIhf5Duhu

A B

A ZJoaioux DI Dhu
g

Integrationhyparts
viapilequotient

2fo D a'ng TDIu fuDiaw JwDiv



productruleof
dietEEEfo ai Diy 5D a Hai ua5Dku whereweneed5 otherthan4

DkcommuteLunn T
I foa D K Ding 5 aYD Hu251g Dia ua ping9421dgDiu

Ai As
A isgood byunif Ellipticity At20foSYDDut
11721 E fo ftp D.hu t5 DIDullDult5DhullDuldx dueto Ctassumption

goodterm

YuEef510put f In IDul'tIDntDXThanksto cutoff

Note fwlDut E fHui if heissmall0
Nawtake E E
IAI E E fo5lDiDuTdxt Cfolduidx

Hence A 7Efo5lDiDutdx CfolDuidx

Estimate of B
1Bl E Cfullf It Halt In1 lol dx
1dxE CfolDCTD.int dx since suppv Cc U
ECIvIDEul't5IDIDaldx
E cfo lDutt5lbBut

NowCauchy Schwartz to Bi

B E EfoSYDDutt IHit Init Init
Choose E Ea combing everything

IDDuidx I1051DkDal
EC foffl't Iuit lDui th small

By a Iemma provedbefore of diff quotients
DuEHIocVitti Inparticular UCHimto HullHyo E AfHot HullHwy



Refinement ofabove estimate

tf V ccw cc U.HUlyyuyEHfHicw HullHyw

Nowchoose a new cutoff ns.t
7 1 onw
suppn EU
otyet

Ifa vexingdx foFuDX
Nowset u fu

LHS forflDul E If'tudxo
HDullicw

Hullicw E Hirotake HullparE Hfllao 1Hallow
ammo

Theorem Higher interior regalarig

Let me1N Assume a bi c CCm V f EHmc0 Wm to
Suppose utH'to is a weaksolof Lu f in 0 then UtHY.itlol

u o on20
HullumEvE Hanno111MW if FCC

Proof Induction on m

m o Done previously

Assumetheresult holds forsome MEN it 0 coefficients aisbi c as above

Now a5 bi c tC to felt to Lunof iron0W WANT UEHMI107
Hullum1µg E Hull Hume

Byinductivehypothesis It 117107 HIHHmy.ir EKuttyu 1 filum under E To i F
Let beany multiindexwith latmet

Choose feCfcw set u cy DY
Blair f v



pm's
a

Baio it II I.IEigYfyoaaisoru1g
Since ECFCW we get it is a cool of 1a f inW fH E llfllnm.atHulka o

Maximum Principles

Nondivergence form Lu 2 a ui EbiUx t cu
Assume i ai5 a

4a bi c EColo
1 Uniform Ellipticity 7 O o sit I a aGSj70 IST VGEIR ae XtV
4 U openbounded

Theorem weakmaxprinciple Assume UE Eto n CLE
Lu I aiiu.iq EbiUx So No cuterm on U Prototype OMEO

m u geomThen max u max u
ti s0

Proof First assume Lu so in 0 andthereexist xCV at ucxoi r.n.ggUH

ThenDulxo O Ducxo fo negativedefined matrix

Lu10 2 a'exoUxixKo dazimo Contradiction toLuso in 0
Justification A a is symmetric positive defined byassumption

A O I 0 where OE ou 00 001 1

WLOGXoo Transform Coordinate f OX then Yo oxo o
Counterexamples

Otg Ux_TEUyOki Uxix Eeug.geOnOeg ifdomainoisnotbounded
Consider0 111 Ixenilxno un xn

2 a axing Ee j aUy.ge0,0 XiaUng 70 ou o inV
supu exBut ulnao xen



Corrodeary comparison

Nowgeneral Luso Use Etrick ifglueLnin 0u zuon20WE U t Ee he 0 X o E o uen inU
Lue Late Lie E Ee f d a ab

a em Io msn.si so iftake larged
Thenby step 0 maxUE maxUE UE ut ee

20
Send e Ot Muad u ngayon Bdd

Theorem weakmaxprinciple for czo Assume UCC O n CLE Ceo

Lu I aiiu.iq EbiUx tcu ao on U counterexample if ceo
r coaxco.aixxco.mern.uIs.nxi

Then Max UE MaxUt outnu o cueounu o
Ot 20 Nowulgro Butmgu 1whenxlE.EiiE

RMK if LU o on U then Max lui maxful20
Proof Letube a subsolution Luso set F xEU Uk o

Kui Lu cu e cu in 0
so in V

Max u Max U by privioustheorem
I sit

max ut Bad
zu

RNK Thekey is to examine the extreme case uixo maxU Duko o Duko so

Luh I aiikoluxig.to cut
wantUlan 0

Strong max principle

Lemma Hopf Assume ueEto n c't and Lu a ui bin so Nocuterm

If D7WE20 UW UH V xE0 Why 2
I Eet2 0 satisfiesthe

interior all e'offlion at
xohen i 2 107 0where isthe outerunitnormalvector to B

IiFurther ifCEO in 0 then thesame conclusion holds provided Uko70



alurker if C 0 in Wn the same conclusion holds provided Uld

Proof 1 Assume Ceo B Bio r Define vex e e r xe Blar d tobe chosen large
uzo

Lv awig1 big cu
e aifasixix zig e bizig c e I eMY
E e 420112121 trial 12 161111 C

cannotbetoosmall
tobedominantterm

Consider the annulus R Blom Bto51
Lu E E e f 4 112121 trial 12 161 rt c so on 12 if X is large

Recall UI UN t x EV
UH 7UH t Evcxjif.XEJB.FI

Snee U o on21310r wegetUHM7 UCHt EVix on 2K

L utero UW cKCUko so in R

UtEUUW Eo onJR

new so in RByweakmaxprinciple Utero

Nowshe Ucx9 coli Ulx7 o

IF Eff so
2 10 z e ziere o roar

Newunderstanding ofHopfLemmax n
t ou o Nix aUHHHaeRI

7x't x JU 01g CPV f 841 gig dy
to Ix yl

GU Jet12 121 0 Touternormal
Uctx e g 101 J s

t
boundaryvalue



Gobacktotextbook proof
Focuson radial direction say Itcorresponds to r 1

LE Irr 2 otterterms

T Jr ere1

lookfor
g
super

harmonic
gem i

r gukUCH
f I f girl Ucr er 1
2

gift EU'll
eg girl ele e r is 1

Theorem Strong Max Principle Assume weEN MCLI isopenbounded

LU a Ugg biU so Nocuterm in 0
Andsuppose U attains its maxover atan interiorpit then it is const on 0

Proof M maxU C xEV Uca M Trytoshow D C
xe

Assume u M T xcVI Uwa M
Choose yc V at distly C adistly20 Denote byBthe largest ball with centerywhoseinteriorliesin
V

V O
so I

q i
I 1 1 11

UcxY M ByHopfLemma It10 0 nistheouternormal

But uh is max ruling o Contradiction Add



Harnack inequality

Lu a Ugg1big CU
Theorem Harnack inequality Assume ut C't0 Lu o in 0 Uso

Let Vcc 0 be connected Then

Efp u eca IffU

Eigenvalues and Eigenfunctions

Lu la u a a uniformlyElliptic Assume a E E
Theorem

f Lw dw
in 0

w o on80

Ii Each eigenvalue of L is real

Ii dial repeateach eigenvalue accordingtoits finitemultiplicity

ordiededge

Xk ro as k x

Ciii Thereexists an orthonormal basis Wa of E where

Luk Awk in 0
we o on20

RMKweCECU Fartherwine010 if 20issmooth
Proof if It is a bounded linearImpact operator mapping EW into itself

S is symmetric Then apply general theory of symmetric compact operator adds

Moregenerally consider Lu aUxixjt b'Ux CU

Assume a a'ib c e CI

open bounded connected 20is smooth



I

Ceo

ingeneral Lt its formal adjoint
Theorem principal eigenvaluefornonsymmetric elliptic operator

i Thereexists a real eigenvalue Xiao for L Luam in0 sit AEE anyother eigenvalue then
re o onso

keId 7 di

cii Lw xw in0 wso in 0
w oon20

iii x issimple Ludin u cw forsomeconst C
a o

RNKTheproof usespositivity inanessential way and canbegeneralized


