







































































































Finite product measures and Fubmi

Westartwith dj Jj Mj j 1.2 measure spaces

Rectangle i E ⼆二EnxEzwhereEj E Fi t xJi setofallrectangles

Claim I t.xf.is an Alegbra

proof ililtxq.d.xhEF.tn trivial
ii Stable underfiniteintersections A xB AxBigx I Then AixBynAu叫⼆二 AinxBinByEY X E

M.liNiE.xEEiii 补集 ifE.xlitf.xfilEXE.EEionUE xEE Ell 多多
EionMMMMli.MN

E 豳

DefThe sigmaolegbrageneratedbyfix⽣生 0 J x名 ⼆二下 define theproduct premeasure u yxfz l.org

by tE.mil tou Ey withtheconvention ooo

ClaimIt is a additive on⼤大佐HencebyCaratheodogextensionThem wecanextenduonto g 019xy
proof tu is addtime on⼤大x名 crosssection

d
tlemma I If At 0 ⻋车 x⽣生 Ailytslcx.glE A A xtn.lcx.glEA
ortaint

Ai Then Axtfz.lt xtl.AE I vych.sii
p 与屎蛋 Corollary3.3的⽭矛盾 屎蛋对 aex Ed成⽴立

ProofofthelemmaIi t AEd xd Asatisfiestheaboveproperty
⼼心 fix It ifE⼆二ExEE fix⽣生 Ex 忠华华晶 SoExE E
ii li a
algebraicii I 2 d u c e i trivialsince RE g x⽣生

iii 2 补焦youAE EiFixxu.AxEI.lAgilyer.lcx.glEN youInHA Ax IE Z
iii Countableunioni SupposeNigel Fixxth.AjkEI.IOtjlx iywhlcxy1EUAjI YyEihldyEAy ⼆二国的⼩小E⽣生
e isan0algebra counting of⼤大⽣生 butEE 0 外名 Here theyareequal

This completes theproofoflemma I 䬕










































































































Nowreturnto additiuityoftu.vn on 外⽣生 六年年并I
Suppose AtLiAgwithAj EjxFj.ESx f Write A⼆二 ExF k E

Ai作器器是 ⼭山 ǙA⼩小 fi Ajx 皆与蒋 if xEE in someEj
中ifxtlE.in

F Fj辐 IE ulF ⼆二点MfFj Ii for X E someEgju ju
两边积分对hi i mlEul.FI⼆二点ul Ein Ej Add isproved

2 0 add.in改成 x 最后积分那⼀一步⽤用MCT即可 其余argument仍成⽴立

3 0 fitnessofRi Suppose dj is afinite⺕彐ylidifAY.g.LA to W.LO.cn assumeNi T
Then An⼆二AYXAY.fiAn andinAn n l AYunlAYlax.tn is afiniteon a

By Gmthedog theextensionofu ontog is unique

Wethenfinishtheconstructionof productmeasure 飍










































































































Thin Fubini et x A u Y汤2 be afinite Letf E 0 dxb then
a Tonelli If fo qcxsffcxipdv 4lyrffcx.nl then

qcd.yc B.aemeasurablefunctions and 对⾮非负函数 kyf.glduxv 不不必要

4Mdm fylpdv fxyfcx.gsdlmx2
bif f iscomplex_valued fix⼆二 lylfldv.flyr.fiflu
If fidoand flu are finite then fEE ux2 4灬 u Hindi⼆二

lyfcxnndluxnR.M.K.DE
finitenessis critical Counter_example let u belebesguemeasureon InII ibecountymeasureon InII

then Fubnidoesnotholds

2 f mustbemeasurable art productmeasure
D Inthegeneral casecbiflylfcx.gsdvNktoi needed Otherwise it couldhappen such that

klffdufhcto.GGfdrdito but theyare NOT equal

Profld Supposeffcitxbiappnxif byhisinple.fnTf.fmsimple thenuse MCT

b f f i f Hi fi til fi fi Approximate f bysimplefunctions done_ 豳

Corollary Canbegeneralized to finite product measure

详细证明 Ref.IMPA

lemma 2 fihxh i.fi I_measurable UXEdifxlglihsnfiyii fcx.gl is
左⼀一measurable

Proof Takea bondset BEI fi B121ywhlfcx.ptB f 13 不不measurablebylemma I abou
U
y 䬕










































































































Lemma3 EE 9⼆二 0 不不ㄨ I Claim x 1 4 McEx is 下⼀一measurable and y凷MilEyisTimeasura
l Assume mail.hu aol.it Anne Et t.xtz.EE绰装毕⾔言 MED TinEz isa simplefunction
ofx thou⼨寸_measurable

niii Anune E finitedisjointunionofrectangles E⼆二点EjUAjxnjiExIUEjk UEjh finjy.cn ByLemma I ExETi in
M Ex n Ǚlj在多则⼆二点a则在AMsimplefunction of x hence fi measurable

iii g EEHMLED.itmeasurable TIE f Nowproveg isa 0 algebrahenceg I
UyMonotoneClassThan Claim g is a monotone class
IETig.ETE.dzLE贤以7 measurable 殴AEx vx th h 殴了了At E sneeu.isameasuren_n

Beinga limitof measurable functions Xl t ENis y measurable

I E T l E Ell Ex SmeMUD ax MLE刿 l M EN
MonotoneClan
Thun g is a á algebrasince 0 扒扫 M扑左

G Assume di Oh are 0 fmiteIAn.in M.in MAN wink to

MfEx fit EMBn But x Ht lExnBn is 不不measurable by II
Begthe limitof measurable functions N_n LED is左⼀一measurable

This completestheproofof Lemma了了

nannhnlemma4JMLExlh.eu E ⼆二 l Mi E du.cn HE E f
i EEf.xyz.EEAxB MIEN⼆二M lB IAM 对 x 积分之 证毕

ii E⼆二点Ej Eje扒⽣生 if Ex ⼆二点Ml剑落以 对 x 积分之 证毕

iii EY Ej Monotone convergence Th 证毕 癣










































































































ThmlTonelli f zo t measurable then 4㖄 fcxyidni.grmeasurable integrable and
以

1 1fxlyidydu lflx.nu
Proof

qcxjharacteri.tk
functions f IE.fxlyjzIExl.gg fxlpdu MlEx ismeasurablehyLemma3

and f l IEdedu⼆二 guydu M El byLemma 4 above
Ug Linearity extendto simple functions
Uw approximate fby simplefunctionsand apply MCT 釄

Them Fubini Change to by If he in Tonelli

Proof Decompose f ft f ByTonelli flffinduhzffdunnnniy.fi
measurable

Unto 悯 if 悯 toIt qi updya.ae Replace in otherwise Ii measurable

Similarly niyfifxi.tootherwise Now 可不不可以了了makessenseforall X
NowbyTonelli filth and hence I T Tdu 1 fu










































































































Infinite product measure space Kolmogorov Extension Than

lGentle intro to BrownianMotion and Brownian measure

Brownian motion definitions first

Def 1 Stochastic Process ㄒ o.to XtXt w d f P 112 is called a Sto Pro

if foreach tET.Xti.am
2 Finite dimensional distribution 在在 tkEIntros

My灰 F x_xFk P 华⽚片华后 X.ci where Fiare borelsets onIR

Consistency Note M Fait 灬 rid Fix xFk where t ESk isanypermutationtnti.cn
Marginal Kx_x Miu_ˊ M 灰 t.i.tk_ IFix烣 112

Thiswaywehavea familyof consistent finitedimensional distribution
Question已知 If𠴕是否有在对⼈人的stochasticprocess

Ans Yes Kolmogorov Extension Than

Notations let tilt tnI bedistinct nonnegativenumbers Supposeforeach T oflengthn wetunea
Probability measure Qi on R bum
Thm Daniell1918 Kolmogorov1933

let QI bea familyof consistent finitedimensional distribution Then⺕彐 a probability measureP.io
on l IR 分 o⼀一吵 St QilAFPlwElRi uD.n.Wltn EA when At BUR
l

R 共thesetofureal valued functions onInto
rriwEli lookslike oixy RI

n.glinderset.AE凲侧 i w Eli lui with E A

g A⼆二点Taibi then C w Eli aiswltijsbi.V

i.toi 𤪧1 1
1 1 1 1i i i i
t tz t the






























to thefieldgeneratedg all cylinder setsofall finitedimensiondistribution in 1⼼心⼼心
93侧 ⼆二 0 algebra generated by ee

Proof Step I define aset function P G io

J.PK⼆二 QiCA we E G
Onecanshow PonG.iswelldefined andfinitely addfine and IP ni I

Step 2 Extend Ponto 0 ⻓长 B112划 byCaratheodog extensionThru

Needto Check countableadditionofPonG
with

Suppose终结 disjointsets in G B in Bnalsoin G God Pl B⼆二点PBk
denoteCme BlǙBn⼆二 fiBn tailsets
P B IP Cm tMin
ti untilBn

Countableadd dimPlan 0m

Step3 fmhit.co PlCm lPCCmtDtlPcBnDSoPcmil
AssumeonthecontrarydmPCCmkeso.mx
FromIG Ii we construct Dmǖ St 122Dz In NDmed.hhlicDnicso.mu

Dm WE Di wit wctjEA.nlforsome Amt131啊 tilt tn

Ideaof construction GilWEIR un wctm.MEAm

SweeCkti E Ck Chun a representation sit ⼀一松 is anextension ladymorepoints ofT and AnyEAmkxidefweDilwc.IR
wunERI.inYwilwn wctm.nlEiYDmG 9wilwitD wltmi tAB



Next idea dimP Dm E20 contradicts ADm冲

Def regularset AE113侧 UPon N 113缈 onecanfind Fclosed Gopen
FEAEG.PLGIF 8 lt8 Eg Bondsetsare regular 如

Foreachm we find Fmclosed Am2Fm.Q.cn AmlFml 去

Now intersect FmunBlarml.fr large enough rn toget a compact setkm.cat

Em WE Piccoli wctu EKm

H DmlEm Qi Amlkm 意
ht Emmayfailtobe l SoEiiǚEn ki⼆二kxilnckxiln.c.nkmstiucgact.CIaim Qi ki so
Qilkm PlEnt PPm P 叭Eni

ENDm 11 叭filmEP侧 P U叭叫⼼心

2 E 䜌
ki is nonemptyforeach m
Foreachm we canchoose 們 Xi tki Now contradiction as follows

們了了点E mustcontains a consubsequence iinithtiuitxi.fi灿Pickafurthersubsequence withlimit⼈人

i
DiagonalnationProcess

get x ⼈人 lt RxRx s.t.lx
xm1Ekeachm.ThksSfwtlR wltii xiIi in each Dm contradicting m 4


