
 

Def Let X be a vector space over A R or E

A norm on X is a function II Hi X Rt
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Civ Hxtyll E 11 11 11yell
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Def Convergence 11 11 dist s Topology

Xu X iff Hin X11 o Tclosed open
Equivalence ofnorm I c o

compact
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Equivalentnorms induce the same topology

Examples
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H Aik Il Max 11 11�1141 H la WH J11 114112112
AH o norms are equivalent

2 Y E X linear subspace Def F dousure

of Y under the topology induced by H Il
v x EF I Yn EY Yn x as n soo

Claim Y is a subspace

Note Not all subspaces are closed in infinite
dimensional case

4 Y E X closed linear subspace

XI Yi L 1 3 xcX where Ext ftExt x ZEY
Def quotient norm

111 311 raffllZHI z E Ex
check t of Y
D Hhall 20 V
2 if 111311 0 i Ift rft1 3 117N so Zn 30

En x X EY since 4is closed xEY



Ext 103
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Emf1112111 It 1 3

a nflHIKE EID
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4 TriangleMeg
11 tfyIH H x YJH ir.tt Hzll zE xtyI

if Hell I 2 E hit Ty
Write 2 Zit Zz where Zi CTx ZzETH

Fir't ftp.tzzll z.E xJ.EETy
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Completion of a normed space
Def Banach A normed SpaceX is called
Banach Space if X is complete lie all
Candy sequences converge to somepoint in X

Theorem 1 A normed vectorspace X admits

a unique completion

Proof Define the space of sequences of X
Z xn xnC X is Cauchy

Xo f x x x X E X

We could identify X with X o hence

X is embedded into Z
For X xn Y l yn F E Z

Define X y if 11Xu yall o as n no



Y ynNI Ine X Yn o

try iff x y E Y
Consider the quotient space Ii 214
Define a norm on X

txjIH f.info lXjH
claim 1 Htt Ill defines a norm

The limit defined above exists
Smee x 1�7 is Cauchy I ko k j ko IlXj HellsE

Hx H HXNI s 11Xj Hell s E

Ilx Il is Cauchy in IR or IC

dim Hx It exists for Ix E Z
It It is independentof the choiceof representative

Take Ix y E Tx x y 1�1 EY
Il x gIt to Illx Il Hy HI E IlXj YH 10
dim H him Il YjH



HIXVl is indeed a norm

i HIX11120 trivial since 1151170

ii If It4�711 0 dim11511 0 1dm Hx 011

x o Hilfe CYE Tx I To
Iii Ha1 211 11 Eax Ill him Max11

Klim HX H
H HTx Ill

liu Triangle inequality

HtxjsttyjIH H xjtyf.tl

Candy
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thinkis 7 dim llxjll limlly.lt
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Claim 2 IT is the completionof X wrtthe
normed defined above identifying X with Xo E Z

I is complete Take a sequence of elements
in I ExD that is Cauchy in 11 HI
i e V E 70 I N M n N

HTHI Exist s E
I dgmllxFH f.imlxIll sE

Take p I 2 E zh I N Np

if m n zNp 11Exit I xmjt.tl E e ziti
In particular HExn.IT in H s ai

2mWLOG we could assume NpsNpu increasingµR p toScp Tep
1 Et'd xi xi i
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djim.HXNI XFHEIVms.no
Foreach NpCMENpm 7 R R M Np Kj R
IlXM XMlkj j

set R Rip max Rlm.pl
NpCMENpt

weare able to compare elements in each column

Now compare elements in each now

Fix Np CME Npn XIII is Cauchy
7 Slm p V j.ksslm.pl

11 7 XIIIstp
Slp Max

4kmaNp
S Mip

Tep i Max Scp Rcpi



WLOG Assume Tcp is increasing strictly
Conclusion tf p 70 In the region Np Npu x Tp o

11XI XIHE

Construct a sequence xn E as Xp i XF'm

XppI is Cauchy in X
Ixp xp H H XIcp XIII E by CH

Whichis summable Hence Xp pI is Cauchy in X
t.xm.IM Tx

dimm HExp Tx I Emei limHin X H

him linkin xii Ilj to

Say Nlp ME Nlp u If j is large say j 5141
him x He tix Tif Athief x It

E t t by HI
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Nowsending m x p x as well

sme Ncpkme Nlp Il
mum try 11 11 0

Hence I is complete

Summary
X Normed

2 i fcxnln.fi xnEX.lKnlCaudy
X2Xoi fcx.x.x 1 xc X
Y x IE I Xj o

I ZLY
For X E X identify with X X X i I CXo

11Extending 11 11 11 11

x is embedded in Z presenry the norm



Claim XdY I
Proofof the alarm E is trivial
2 take X J E 5 214
Construct a sequence III in XolY sit EXT Exp
if Xi Xs E Tx Let X l X x x l

x Xs Xs Xu
i

XP
Xp Xp

H E Xo since its constant
And I txt

NEXT THA him f.imYxf.XoH
xn xnbyconstruction

ftp.t f llXn XjH

o since xn E Z is Cauchy
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