
 

Vector Space
Throughout we denote IX F a vector spac
over field IF R or Q
Y E X is a subspace if

it y y EY aC IF yay EY
ay EY

Prop 1 lil Yi t Yi I Yik l YitYi is a subspace if
both Yi k are

ri Yolo EI is a setof subspaces then

one Yo is also a subspace

Roofof Iii Take y Yet one Yo then

Y Ya EYo to c I

y ey EYo u OE I sme Yo is a subspace
Y thetone Yo

Thecase of ay where AEF iyef.IO is similar
Adhd



Def Yoloet is totally ordered if ta Oa EI
either Yo E4oz or Yo Z 4oz

Them 2 If YoloEt totally ordered linear subspace
Then Yi Yo is a subspace

RNK Counterexample Y co y ly t IR Elk
42 fix ol txtIR E IR

Y b k is NOT a subspace

Proof exercise

linear Span
Take S E X a subset I maynot be subspace

span s i n Yo where Yo is a subspace of
0 EI

X that contains S
Prop3 Span s is the smallest linear subspace

containing S



Proof Span s is a subspace by previous prop 1 Iii

Now assume Y Z S is a subspace
Then Y Yo forsome 0
Y 2 Span Is Bad

n

Prop4 Span s If x I x ES ft Fl
Pmf Denote Z f

t d
First Z is a subspace trivially true
Second 7 contains s also trivial

Last If Y is a linear subspace containhyS thenn
Y Z Z i Take z e Z z e E 4Xj wherej 4
HE F Xj E S Then 2EY because Y 25 and
Y is a subspace

z Span s Bad



Quotient Space
Given 4 E X a subspace Define x ng iff
x y E Y t x yE X

Then Ext i e f y e x yeux
X Y fix Ix E X is the quotientspace

X 14 is a vector space if we define
Exst type Ex ly

x Ex i Tax

RNK Such operations are well defined

if x X E Tx Y y E Ty
W ANT x t y J Exzty
x x EY
Ey

Y KEY also Yi y EY

Take z E X th x y Z EY
Hayy z LEXI ty ydtlx.IE

Ey EY EY EY



XI Yz n t as well Exty Efx 1yd
By symmetry they.IE Hey

TheyD It ty
The case of scalar multiplication is similar Bad

Linear maps
X Y are both vector spaces over Fl

Jef lil T X Y is linear if
T LX Tix t TLE
T x x a Tex

t x X d E Fl
il X y are isomorphic if I bijective linear
map between X and Y
Prop5 ciTX E X is a subspace of X Then

1 LK E Y is a subspace of Y



iii 4T EY is a subspace of Y
Then T I'T is a subspace of X

Proof exercise

Convexity

Assume It IR
Def k EX is convex if it x y t k at Eo13

xx t l l a Y Ek
Examples

1 linear subspaces 2 unit ball 3 Square
Counter example

Prop6 If K is convex Xii Xn E K
x an EtoDns.t di 1 then
the convex combination29 Xi E ki i



Proof By induction n 2 is trivial
Assume n N is true

xi Xi 9Xj t AntiXNtl
N

if 2nd I 4 Xj that You11tdnttj.tl ANH
Now 29h5m Ek since I n

1
Call X Z AI E K

1 an4
I anti x 1 QuaXavi E k by convexity

if anti 1 trinal Maag

Prop7 i Given k Is convex then
Kit Ks x.tk xiEki is convex

Proof Take Zi Z t Kit ka
Write 2 it Xi t Yi where XIE Ki Yit kfeisty
It a C o I xx ta Xz a xity.lt ta Xz194



ax th a Xz Ly th a Yu
By convexity Ek Eka

a 2 i a Z E k 1 Kz road

Vii Given Kolott convex sets

Fez Ko is convex

Proof Similarto Prop 1 Iii oooo

Iii Given Kolott totally ordered convex sets

Then U Ko is convex
OEI

Proof Similarto Theorem 2 nooo

Civ K convex T thearmap Then

T K is convex

Proof exercise



ul K convex T thearmap Then
TY k is convex

Proof exercise

Convex Hull
Let S E X be a subset Define
co s N ko where SE ko

Ko is convex
Prop8 Cols is the smallest convex set containing5

Proof Similar to Prop 3

Prop 9 ConCs Ifi Xi l Xie s 4 L

Proof Similar to Prop 4


