
 

We first introduce someimportant objects
Tangent and Cotangent Bundle

Suppose M is a ndimensional smoothmanifold peM TheTangentBundleofM calledTM isthedisjointunion

TM µTpM pin peM veTpm WecouldmakeTMinto a manifold inthe followingway
let EUEIR M be alocal chartofM Then Inaturallyinduces a local chart F 0112 TM for1M
F h nun it it flu um4viz where v ViFaiCTPM p FIU hn

RMkOnecanshow 2 local parametrization arecompetiablewitheachother hanceit'sreally asmoothstructure on TM
Similarly thecotangent bundleFM ftp.al pen acTpM canbe parametrizedby
FIU nun a an Flu un aduel where duieTpM duilIg Sig

pen a.eTpM
Mk Onecanshow 2 local parametrization arecompetiablewitheachother hanceit'sreally asmoothstructure onTV

Smooth Vectorfield o 1 tensor

Asmoothvectorfieldis a smoothmapVM TMwhilewewearTNasasmoothmanifoldas described above i e

Fo V o E U UxIR is smooth Inlocalcoordinates Ucp Cp VipIn V M71karecomponentsofVip
Fi vo fcu um FVC un F pEvicpifa a un vcu um Vcu unl

henceProp AvectorfieldV issmooth offitscomponents ViM IRare smooth functionsoverM
Differential 1 formdudofvectorfield cotangentfield 1,0tensor

A differential 1 formis a smoothmap w M TM givenbywcp cpfatesdui inlocalcoordinatecu un

nipA 1formw issmooth iffitscomponents aiM IRare smooth functionsoverM

Differential forms multilinear alternatingtensors

form smooth functions f flu nun intermsoflocal coordinates
n n iform cotangentvectors wip'sCp f adaily intermsoflocal coordinates w NU unduia

k form constructed
us.ly wedgeproduct A asshown inthe nextsection



Nextweintroducesomeoperations on those objects

Wedgeproduct andhigherforms to tensor

let aPEFMWewantto constructa 2form bilinear alternatingmap So define axpis P B a E
TMT't'M

3 forms anpar a poxr a top too p trop a p r a p a V I sgnlolowoxol.pl ohOts

synth 11 if o iseven 1 if oisodd

k forms let w WKE114then wn awk I synch Ocw oCwa notimportant
oc.sk

Ingeneral a k form lookslike w i i Wi i dXi dxik
cchin

Importantfeatures Proposition

1 wit w ifwe114 warning ifweNTMksl wawto ingeneral

2 Ten ater Treea aTrim Tie114 if r isa transposition ie exchangetheorderofanypair wegetanegativesign

3 dimHAM k where dimMan

r eN'T't'Mhe15114 then ran cDHpar Inparticular evenformcommutes withanyotherforms
50 Tea 11Th h S a aSr Tea Nk Se Sr
6 linearity Https ar aTao psno T.se lkTM.a.pelR.oeasTM

7 If TMisofdimensionN wiIaigduETMthen wa awn detai duea adan
dne nene 1 e'lieAether zetaeineerExamples w d Ete e then wnwfdaEieae.laeaEieae9

t.me ei

o.Coroblay1flu unand v vnareanlocalchartsofa manifoldMthen
nu iundata adu det xn vndv1 dvn

Proof Recalldui ff.dvcm.euEinsteinsummationrule then apply 7 above 17ha

Forsimplicitywewillapplythe Einstein summation convention from now on

Abi alibi



Pushtowardus Pullback Let I M N bea smoothmaptangentmapE TM TN

Pullbackofafunction ft N Then I'tf i foE M IR is a smoothfunctiononM
Pullbackof 1form
Thepullbackof1form I Ttv FMisdefinedas

cIREtw v w I V forall vector ETM
TTM Sui Nv vnIntermsoflocalcoordinates M cu ium N v vn Recall F Zu Fat I I Taj na um

E'tduilcza doit Ig devil In E II devil Yagi
j JinrE'tdvi 2gvjduj.IE Tui wrt basisare daandduifor114andTtv respectively EH I 13Theii jientry

PullbackofatensorChenceof adietform

LetT Te Tkbea ck.co Tensoron N then define1111Lx xnli Te.plEx 114 VX iHttpM
TI.fmc1oHensorie qceox xOTk 0IT1Ox xOETk x exitk

IIIfifties ix 41
be a i sina.mg ThenIEI fikahmxixixiouscxixi

e xiw.mx o
I4dy e date da etc

o.otensor
Ilet flyyzMilk IRbea smoothfunction Ti flyYaY dy dybea thottensor Thepullbackof1

underE is i 111 IMF EHdy Fifty f ElaxDe datdat zaxawscximda xioosuiixudxd

foeca.ae coHimxX dx da lzdxikdxd

foeca.ae coaxialxx 2dxi 2dxzdxi kdx.dk1kids

ImportantEg Let ME1133 be a regularsurface LM11123 betheinclusionmap g.idxidykdz.by
nottensor

theEuclideanmetriconIR If 1123gD
Nowcompute itg

Hum ixyes

idtocoicu.vtcxiu.rsyearszcu.us I III III It't EIy III Elda Xuda x d
warningdoNOTcommuteHIDE ldxd tax dx kudu tXudu kudu tXudu cxutdutxuxvdaedy xvxudv.eduHvidu

Similarly wehave Itdy'T YuidoitYuYududu Yuyadudu yidi



I y y g

CDI Zaida'tZaZududu ZvZududu t 2Idi Hence cxutdutxuxvduoxdu xvxudvo.deHeidi

Ecg Elda'tdy'tIE lcdx7tCCdy2 1 DE YuidoitYuYududu Yuyadudu yid
Zaida'tZuitududu ZvZudidutZaidi

xitya2ulduilxuxutyayvzuz.nldudu Xuxa Yuya1ZuZududut xiy.itZi do

eactlythefirstfundamentalformofM Mak

Pakbackofadifferentialform well N a kformonN then define

ftp.qwplm Vk7 wf.p I Vi EMdenkpeMeTpMHY

Prop I'tlamps a ate'tpl
Prooflocalcoordinate calculations

Exterior derivative d Ak144 Ah 114
efinitionsvia local coordinates aForfeelin i.e oform Define df Itaidui whereLu un isthe local coordinate

bFor we144ie 1form w dui define dw dwindui swigduiaduiusingCaccan
c Foringeneral weAk114 w wi dxx add dwi dwi iAdxa adx

2MkDefinitionsabovearewelldefinedi.e independentoflocalcoordinates Forexample if Vini isanother local coordinate
char

dt II.duir.ieIu9IIiItiondV 3I3I II dvi ftp.sidui Ygduimmsumoveri
heothersare similar SI Add

ReallyIMPORTANTTheorem weak114 didcot o ie d 0

roof w wi i dxa adxik.dw_Azwiyjikdxiadxiianadxik.ldw1d zwiyijii.dxadx adx df Yi ik xdxiadxa adxik
cCHU Jwi ie r

gq.zxrdxxdxixdxi.li adx 0

Thelast is because2Wh ik aw i d adir tf
axjsxr sx.my

and dXrAdxJ



Def Closedform if dw o we kercd.at

Exactform if 7 at A FM w da we Imda
Bythelasttheorem we have Imida E kerlda

o id HN d'tg 112AM id I d s tiHN id s 0 is an exact sequence
Hkdf M Emre'Ll iscalled the de12ham Cohomology groupofM

Prop Simple propertiesofd
1 diwtm dw t dy w yeAk114
2 dCfw df a w t f dw ftTCM J productrule

3 dlaxp daapi cDkxadp where ac11414 pear114o o
4 dte'tw I'tidwl pullbackcommutes with exteriorderivativeMEakin a chainrule
Proofof4 Fora oformteamsEH foe dCE'tf difoEl Stu du ftp.oelnidui whileontheotherhandEcan sai

df HIdi e't.cat ItaiE'Tdri Hai0114ftp.duilp

Theothersteps



Lie derivative

Wefirstintroducethedynamical definition For referencing purposeherewe recallsome basictheoremsofODESinIR
From ODES

by FrederickFong 2020

Definition Local flow

Bythose theorems wecan construct aunique localflowofasmoothvectorfield Xtobe Ifpi ycp.tl
where4Mxcee Msmooth yepo pEM

ddt94t X quot vte te e

Note itfollowsfromtheuniquenesstheoremthat FtoEs Ites Vt.seRttscte e justshowbothsidessatisfytheeq.ua

II Et itfixedpEM I l M714isa diffeomorphism socalledthe Oneparametergroupof diffeomorphism
Definition Lx f Given a smoothfunction f onM wedefine The lie derivativeof f alongX atpiM

L ftp.i Him ftEtP tP S L c9M I CMMIX tso t



Theorem Lxf Xif Theproof isdonevialocal coordinates
Intermsoflocal coordinates supposeFlui Un is a localchartaroundp Flo ol X XZai Whoawecould

same Iacp ItoFluitt unit isalso inthechart

L fIp dying fl Ee4 tip DintoFlaim units fofco o
tso e

chainEatersHgh daniy Xi3 xiFai't Xet
Soweconclude LxCfl Xcf XiFei is justthedirectional derivativeoff alongX
Andthenweconsider comparetwovectors Xpand XEHR by transform bothvectorsto thesamevectorspace

yep tieHEIM
iii reap

Push IEt'd backto Tpm
EdpEIICHI backwardflow

Givena vector field 4 overM YipCTPM YCEe41 tTienM Ee YEtp CTpM here

weuse pushfowardof It to movetangentvectors atEfptop Thenwe define

The lie derivativeof a vectorfield4 alongX atperl 1 44 Eyo
Eth 41 Y

t
Beforewedo local calculations wedefine theLiebracket Ix Y XY YX
Internsoflocal coordinates IXYI XY YX XiZai YJuj YtIg XiLui

xifiizy.ttiuoI YKIigIuit3iim xi

ixYI gig yoga y
Iii 3 ai icxiij.yigxuia.ba

Theorem Wecould similarly verifythe following properties
Ca antisymmetric TX 4 IY X b R Bilinearity
c Jacobian identity tth't 2It 1t'tH X tFltxd t o

d Productrule IfXg't fgTxYI t f Xg Y g Yet
TheoremLx Y ExY
proof thereis a proof usinglocalcoordinatesbutit'squitecomplicated HereweadaptaprooffromPPetersenwithout usinglocalcoordinates

trythedefof1 4wehave 11141411 Yip 11 4 oct Ct
UseGt toact on bothsides



411th Ie Yip t Et 1 4 1out 4
pick feC Considerthedirectionalderivativeof 1 atEacpialong KHS of 4 1
HEEM Ie Yip f 4144Cf Ie 1441 f

Y flap their l
t t Il't't to't Jaxevaluatedatp

Y ft TXCftoett
t XY 4 141 t out

Lx't Ex Yl by comparing ut and Ht an

Corollary If X Y E HIM the spaceof smooth vector field Ex43 0
Then E'toE EstoE't Vs t

n Y
a

Li x
EE

Definition Liederivativeof 1 form Unlikevectorfieldcase weuse backward pushforward to morevectors now
wecoulddirectlyapplypullbackof 1 forms to dragit to p
et x bea 1form Lyall i lying 9eMate 041 where Iacp isthelocalflowof X

Intermsoflocalcoordinates if a didnt then I ca l aiI't'iduil ail Iudie and hencet leaf leap ein

Lxx daffodil Ii did Iii II e ai IIIself du

I 1,34 II
ai IIIsell dui

suXEto.gggI aax duizu



zag

Lxx x Ii t g II dui

Definition Liederivativeof Cko tensor field

Nowwe generalizeLie derivativeof1forms 1otensors to H tensors Suppose 1 Ti iadu duhis a 4,01tensoronM

LxT L Ti iadu duin Lx Ti ir du duh FfTi ia du Ldduh du
Liederivativeofasmooth
function Nti ie

Aswealreadydefine 1 4 1 ournew defmakes sense One mayalso computethelocalcoordinates

Wenow givetheaxiomatic definition

Axiom1 Lxf Xif lifeMay
2 LxCT s LAT St T 1 151 productrule
3 Lx T Y Yn Lx1 Y Knit11114,1 Yn t a Tl41 LlYn

Tenotensor
4 Lxcommutes with exterior derivative d ondifferential forms

RMk Lxdoesnotchange thetensor type
Wehavesomethingtosayabout 4 above There is a nice formulaforLxactingon differentialforms
Cartan'smagicformula LxQ Ix da t dlixa axeHTM

DefinitionGiven vectorfieldX weAk114 define the interiorproduct 2 ATTY A TM givenby
kform
i E Yul X Ye Yael

vectorfield kform
Propertiesof ixi productrule

xpformlinearity 2 Ixi w iyixw.byantisymmetry of difffoms 3 Iq L Iy 4 Excerpt
immappProofof sketchof Cartan'smagic formula cDaxixim

Induction for 1form a aida da daindui Yuiduindui Lxa tiffing 9 II duiaswe've donebefore
ixcdxtmsiujixlduoaduil ffiy.tkduitXduiwe

ixlduidu.tl't dutyduh't x 4 i duiduak Xidat
ixcduaduil ixcduadu4 ixlduidu.at XiduttXdui
ixx x X aix dci a stfu.fidui xi t ai Y dui



ixidatdlixa II x'du't ai3kgdu ret It Lxx
Forgeneral case assume Cartan'sformulaholdsforkform WhoaLet W W dxa aditcAk1M
Tobecontinued
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