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Proposition 3.57. Let ® : M — N be a smooth map between two smooth manifolds. For
any w € A*T* N, we have:

(3.20) * (dw) = d(®*w).

To be precise, we say ®*(dyw) = dy;(®*w), where dy : NFT*N — AFHT*N and
dar - ANFT*M — AFHLYT* M are the exterior derivatives on N and M respectively.

Proof. Let {u;} and {v;} be local coordinates of M and N respectively. By linearity, it
suffices to prove (3.20) for the case w = fdv®* A --- A dv'* where f is a locally defined
scalar function. The proof follows from computing both LHS and RHS of (3.20):

dw = df Adv'* A --- A dv*
D" (dw) = ®*(df ) A (b"(([,vfI) A <l>*(('lzv“’*)

=d(®" f) N d(P" J‘) N ([(q,ﬁl,j;\-).
Here we have used Exercise 3.50. On the other hand, we have:
P*w = (O* f) D*(dv?*) A+ -+ A O (dv*)
(®*f)d(@* V") A+ Ad(DTv')

d(®*w) = d(®* f) Ad(P V) A -+ Ad(PFv™)

+®*fd ((/((If YA A (1((1)*(,1';.-))

Since d* = 0, each of d(®*v') is a closed 1-form. By Proposition 3.42 (product rule) and
induction, we can conclude that:

d (d(@* V) A - Ad(@*0™*)) =0
and so d(®*w) = d( f) A d(S*v") A -+~ A d(®*v™) as desired.
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70 2 Existence and Uniqueness

Theorem 2.6 (Picard-Lindel6f’s Existence Theorem). Let () be an open domain in RY, xg bea h’ on, D D-t?

point in Q, and I = [T, T}-be aclosed and bounded time interval. Suppose E(x, t) : QO x I — R?

is a vector field which is locally Lipschitz continuous on Q) x I (see Definition 2.7), then the initial- . ' i

value problem ba f’f(,’b{w(fk /7" -k
X' =F(x,t), x(0)=xq

has a solution x(t) defined on an interval [—¢, €] C I for some € > 0.
Similarly, for an autonomous system with a vector field G : Q — RY which is locally Lipschitz
continuous on ), the IVP
x'=G(x), x(0)=xp

has a solution defined on an interval [—¢, €'] for some ¢’ > 0.

Remark 2.17. By Theorem 2.3, any C! vector field must be locally Lipschitz continuous.
Therefore, Theorem 2.6 applies to all C 1 vector fields. Many examples we have seen so far
are C! on their domain. O

Theorem 2.9 (Continuous Dependence Inequality for Nonlinear Systems). Let Q C R?
be an-open-domain.and I be a time interval. Suppose F(x, t) : QO x I — R* is a vector field which
is Lipschitz continuous on Q) x I with a Lipschitz constant L. If x1 (t) and x,(t), are both solutions
to the system x' = F(x, t), and x1(t), xa(t) € Q for t in some interval I' C I, then we have:

x1(t) — x2(£)] < |x1(to) — xa(t)] X! (214)

forany to, t € I'.

Remark 2.23. In simpler terms, the inequality (2.14) holds as long as both solutions stay
inside Q). O

Corollary 2.2 (Uniqueness Theorem: Lipschitz). Suppose F(x,t) : QO x I — R* be a vector
field which is Lipschitz continuous on Q) x I and xq is a point in Q. If x1(t) and x,(t), defined on
t € I' C I such that x{(t), x2(t) € Q for t € I, are both solutions to the IVP:

x' =F(x 1), ( x(to) = xo,

then we have x1(t) = xa(t) forall t € I'.

Remark 2.26. In simpler terms, the corollary asserts that the solution to an IVP is unique
as long as the solution lies in Q). O

Corollary 2.3 (Uniqueness Theorem: Locally Lipschitz). Suppose F(x,t) : Q x I — R? be
a vector field which is locally Lipschitz continuous on Q0 X I. Let x be a point in Q). If x1(t) and
xo(t), defined on t € I' C I such that x1(t), xa(t) € Q for t € I, are both solutions to the IVP:

x' =F(x,t), x(ty) = xo,

then we have x1(t) = xa(t) forall t € I'.
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