
1hm A regularsurface S is orientable iff7N s 54123 smoothnormalfield



A nonexample Mobius strip

Questionhereweonlyshowthatunder

thisspecific parametrization ie'simpos

tofind a smoothnormalfieldBut

whataboutother possibleparametriza

KixxAnswer Although Ncp ixxxI
it's independentofparametrizationXl



s idependenofparmelman 11
Ausefulexercise

Gua'smap and second Fundamental form

Def letMENbeaoriented regularsurfaceThemap N M 5 iscalledtheGuanmap
naturally

Smee dNp Tpm Tmp5 weptETpM dwpTpm TPM

Y t

Mtp
tangentplane

selfadjointThem dnpis a symmetric endomorphism on TPM i e SDNwiw CvdNpcwD itv we1pA

Proof It sufficeto check symmetric on abasisonTPM Consider Xuev U NU a local parametrization

aroundp So XuXiisa basisofTph a cee M no p Hoi Xu

N Nop

T iiIn
l Uo

a

dNplW ftp.ocnoxcts write act X Uct Ntl Mo X uol.no p deokXuvico Xvvlog

Chakra koNactivity
mean'tWo 2N nico 2 Soinparticular dNpXu Nu dNplxv Nvsu

symmetric CNuXv EsXuNv Ry Nd4M Na y o
Differentiating N O

NArs o
OcNvXu t CNXun
CNux s t CNXiu So dwpis symmetric Done too



1 Y
let'slookat some examples

Parametrize 2 Retryby Nun cu v iteki Then Xu I o sa U Lo Is2kg
N un XuxXu Lsu 2km1

KluxXul Sau't4k'veI Yup 124 2kV l

Atp Coo o Xucp I o o XvLp o l o

i x'lol fulco Vico o

i iii It i tianya.ii.in iiiiiiiiiuomomoko
t1N'lol auto 2440 i 0

dnpyute.glioD Ct2utoli2Hoi.o ie.dNplf Ifk
x'co

dNp µ2kg writ hours XuXu

Second Fundamental fromIlp Tpsx1ps t R defined as

Ilp v w Sdapv2 w

Matrixform Suppose M has localchant F OHM

IplEuEu CdnCfdEu TNuFu f s N Fau

Ip EuFa SN Eau Ilp FnFv CNFru

1 N't
real symmetric

NFau NEW

Ipcx.YItxu.it If lwherex LEuiulYit



GeometryofIlp Normal MeanGaussian Geodesic curvatures

Ref ElementaryDillGeo
Andrew Pressley

Pagel27

Consider a curve Mt Fluittvia onM where Fis a local chart Whoa suppose Vis arlength

parametrized Then krT I where itis normalvectorof r
geodesiccurvature

I
notnndcurvature

then his kit kj

Ad
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Minimal surface

Def Aregularsurface iscalledminimal if 4 0
Consider SEIR X O s is a local chart DCDco isa boundedregion in 0 hD R isadifferentiablemap

Thenormalvariation ofXD determined by h is themap4 i5x ce e at cecav t X un t thcuv Nun
afamilyofsurfaces

in

For te te e Define Xt 9C eI Now

V Xt Xutthan thNa
Xt X ethun e thNv

I I c

L tf Gt 2hcnn.x.us t t Oct
det It EtGtFt EG E 2h Eq2FfatGe t t Oct

EgsettGeEGF l 4hHI since H yea E
AreaofXtc5 Idekat dudu

IfLeaEY I 4hHtsdudu
dale Area1451 dateoff LEGEYE l 4hutsdudu tf EGE adz I 4hHt tdudu

ffEGEl Hhdudu 1st variation ofarea
Wewant thesurface minimal X I minimal 11 0 AreaHas is a criticalpointat1 0

Conversely if 1st variation ofarea o forall hair thenwemusthave14 0
Warning minimal justmeans it's a critical point of area function aiehfixedboundary itdoesnot
reallymeans minimum whichinvolves computing2ndorderderivative



Geodesics

Def Afamilyofsmoothcurves on aregularsurface S is a smoothmap T e e xIain S Sit
cs t I i cs.es

Fixing se ce e TCS Kc is asmoothcane onSforaetEb

Asmoothcurvez Taibi s is a geodesic if forall familyofcanes Kits sit

rocks Ht Tsca Vca Kcb Jcb Vse teet i.e fixedendpoints

daIsaoLIK 0 i e V is acriticalpointof arclengekvariationt Fiat 0doyenofK c
I

te
The followy discusion is similar to leastaction principle an physics course

Togettheequationof geodesics itsufficesto assume the targetcanbe coveredbya singlec
Suppose X D s is a localchartthat contains K rscti xcucs.tlvisits

Let i i denotederivativewrit t R normsquaredoftangentvectorofr E ii 2Euit Gri
autarefunctionsofs tLLrs fab12sIdt Rkdt

das un lodalRI dt EfabpitInde
2 Emiizz uitZhao CauthenuitHanif

2 eat Fri Iis 2fecitGif II
using boundary

condition Tsca ma Vslb Hb fixed integration byparts
gives

dats Um JabP31stQ II dt where

PAEKRIZE.ie't231 iii Irani ft pitleiiteri o

RIZE.eu't235iii Idiot ft RtlFiitGil o



Toget a geodesic wemusthave Peo 0 0 forall variations similar in minimalsurface

Warning geodesics doesnot guarantees the minimum It's justa criticalpointof anlength
AsaCorollary If Ms is parametrized byarclegate then
Hs is a geodesic Is eut Fir L Zenit123inunitFair

2sleuth IIii 12 unit Iii
See Notes onTensor analyis for geodesic egos using tensor notations

Corollary Isometries preserve geodesics

Rthk Geometric interpretationof geodesics Nts is geodesic ill kn kit i e

kg 0 thenormalofthesurface paralleltothe normalofthe curve
Proof Has Xlactsvets r'saiXuevXu r iixutiixvtuiddxutv.dew iiXutiixvtiiXuuiixunt'uxvu i

we assume ret is arclength parametrized

I Xu UEt iif t licXuuXu tic XunXu t wCXunXu t i f Xw Xum

E XuXu u saXunXu

o using equations of geodesics
Similarly I LXu I 11N n HN too

Thin Given upcM vvcTPM 7 geodesic passingthroughp withtangentvector n atp
Proof It followsfrom ExistenceandUniquenessThmofsolofODES applyingto geodesic Eqs


