Example 2. The sphere is an orientable surface. Instead of proceeding to
a direct calculation, let us resort to a general argument. The sphere can be
covered by two coordinate neighborhoods (using stereographic projection;
see Exercise 16 of Sec. 2-2), with parameters (#, v) and (&, ¥), in such a way
that the intersection W of these neighborhoods (the sphere minus two points)
is a connected set. Fix a point p in W. If the Jacobian of the coordinate change
at p is negative, we interchange « and v in the first system, and the Jacobian
becomes positive. Since the Jacobian is different from zero in W and positive
at p € W, it follows from the connectedness of W that the Jacobian is every-
where positive. There exists, therefore, a family of coordinate neighborhoods
satisfying Def. 1, and so the sphere is orientable.

By the argument just used, it is clear that if a regular surface can be covered
by two coordinate neighborhoods whose intersection is connected, then the
surface is orientable.

Before presenting an example of a nonorientable surface, we shall give a
geometric interpretation of the idea of orientability of a regular surface in R>.

As we have seen in Sec. 2-4, given a system of coordinates x(u, v) at p, we
have a definite choice of a unit normal vector N at p by the rule

N = e le(p). M

Taking another system of local coordinates X(iz, v) at p, we see that

% A %= (x, A %) 502 @

where d(u, v)/d(i, ) is the Jacobian of the coordinate change. Hence, N will
preserve its sign or change it, depending on whether d(u, v)/d(#, ) is positive
or negative, respectively.
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PROPOSITION 1. A regular surface S < R? is orientable if and only if
there exists a differentiable field of unit normal vectors N:S -— R? on S.

Proof. If S is orientable, it is possible to cover it with a family of coor-
dinate neighborhoods so that, in the intersection of any two of them, the
change of coordinates has a positive Jacobian. At the points p = x(u, v)
of each neighborhood, we define N(p) = N(u, v) by Eq. (1). N(p) is well
defined, since if p belongs to two coordinate neighborhoods, with parameters
(u, v) and (#, v), the normal vector N(u, v) and N(i, ©) coincide by Eq. (2).
Moreover, by Eq. (1), the coordinates of N(u, v) in R* are differentiable
functions of (u, v), and thus the mapping N:§ - R is differentiable, as
desired.




On the other hand, let N: S — R® be a differentiable field of unit normal
vectors, and consider a family of connected coordinate neighborhoods cover-
ing S. For the points p = x(u, v) of each coordinate neighborhood x(U),
U < R?,itis possible, by the continuity of N and, if necessary, by interchang-
ing « and v, to arrange that

o - Ry

In fact, the inner product

(Vo D) = fp) = 1

| X, A\ X,

is a continuous function on x(U). Since x(U) is_ connected, the sign of fis
constant. If f == —1, we interchange « and v in the parametrization, and the
assertion follows.

Proceeding in this manner with all the coordinate neighborhoods, we have
that in the intersection of any two of them, say, x(«, v) and X(&, #), the
Jacobian

ou, v)
o(u, v)

is certainly positive; otherwise, we would have

A

-rx“ N X — 1\’( p) = —

X: A Xs

* N X

X AX,| A3 = NG,

which is a contradiction. Hence, the given family of coordinate neighborhoods
after undergoing certain interchanges of # and v satisfies the conditions of
Def. 1, and S is, therefore, orientable. Q.E.D.

for any p in the coordinate neighborhood of x(u, ). Analogously, we may
assume that

Example 3. We shall now describe an example of a nonorientable surface, Orientation of Surfaces 107
the so-called Mabius strip. This surface is obtained (see Fig. 2-31) by consider-
ing the circle S given by x* +- y> = 4 and the open segment 4B given in the
yz plane by y =2, [z| << 1. We move the center ¢ of AB along S' and turn
AB about ¢ in the ¢z plane in such a manner that when ¢ has passed through x = sin(Z 4 & )} oS il,

an angle u, AB has rotated by an angle /2. When ¢ completes one trip around 2 . um.:rn:":; ""': ’ l"L;“lhc;"\:'“‘ ‘:‘f“ : wu"h’::::(m::h\:t
the circle, AB returns to its initial position, with its end points inverted. y= - F>in(% + “—)} sin d, tion. i ¢ intenection, then (p) = (. WIS '

2
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whose coordinate neighborhood omits the interval u = m/2. These two
coordinate neighborhoods cover the Mébius strip and can be used to show
that it is a regular surface.
Observe that the intersection of ﬂ\e two coordinate neighborhoods is not
connected but consists of two connected components:

.. N . gt grm V X A X,
origin of the «'s at the x axis, we obtain another parametrization X(i7, ¥) NP) = 55T
given by
%(@, 7). However, the Jacobian
ge of coordinates must be —1 r W, or W, (depending on

s of the coordinate neighborho

We have already seen that a surface which is the graph of a differentiable

one of the reas
orientable, reg

W, {,\(H, il <u< :n},
W, = {.\(u. i0<u<Z

The change of coordinates is given by

Figure 2-31
igure 2-3 PR
2 inw,,

From the point of view of differentiability, it is as if we had identified the =0
opposite (vertical) sides of a rectangle giving a twist to the rectangle so that
each point of the side 4B was identified with its symmetric point (Fig. 2-31). _ 3
It is geometrically evident that the M&bius strip M is a regular, non- = “l
orientable surface. In fact, if M were orientable, there would exist a differen- §m ~p
tiable field N: M - R® of unit normal vectors. Taking these vectors along It follows that
the circle x* 4 y* = 4 we see that after making one trip the vector N returns i, 7)
to its original position as — N, which is a contradiction. A, v)
We shall now give an analytic proof of the facts mentioned above. and that
A system of coordinates x: U — M for the Mébius strip is given by (i, 7)
a(u, v)

in W,

10  inw,

1<0 inW,

) = ((2 — »sin %) si — vsin & ) cos &
x(u, v) 7((— lSlIl,))bll’lll.(z lSlI'lz)COSll,ICDSZ )

To show that the Mobius strip is nonorientable, we suppose that it is
possible to define a differentiable field of unit normal vectors N: M — R*.

where 0 << u < 2z and —1 < v < 1. The corresponding coordinate neigh-
borhood omits the points of the open interval ¥ = 0. Then by taking the

Interchanging « and v if necessary, we can assume that

MO = A




diffeomorphism.

a. Show that S, is orientable if and only if S, is orientable (thus, orientability is
preserved by diffeomorphisms).

4€5,+ 1@ = o* ) Let S, and S, be orientable and oriented. Prove that the diffeomorphism ¢

induces an orientation in .S,. Use the antipodal map of the sphere (Exercise 1,
ie.ms a4 Sec, 2-3) to show that this orientation may be distinct (cf. Exercise 4) from the
 bpds - Faiohiag o) yinitial one (thus, orientation itself may not be preserved by diffeomorphisms;
note, however, that if S, and S, are connected, a diffeomorphism either preserves

or “reverses” the orientation).
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Example 5. The method of the previous example, applied to the point
p =(0,0,0) of the paraboloid z = x? 4 ky?, kK > 0, shows that the unit

vectors of the x axis and the y axis are eigenvectors of dN,, with eigenvalues
2 and 2k, respectively (assuming that N is pointing outwards from the region
bounded by the paraboloid).
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4 is unit-speed, 4 is perpendicular to 4, and hence is a linear combination of
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Propo‘sition 6.1

If 5(t) = o(u(t),v(t)) is a unit-speed curve on a surface patch o, its normal
curvature is given by

Kkn = LU? + 2M1ud + Nv?,
where Ldu? + 2Mdudv + Ndv? is the second fundamental form of o.
This result means that two unit-speed curves passing through a point P
on a surface and with the same tangent vector at P have the same normal

curvature at P, since both k, and the tangent vector ¥ = o,u + 0,0 depend
only on u,v,u and ¢ (and not on any higher derivatives of u and v).

Proof 6.1
We have, with N denoting the standard unit normal of o,
.. d,. d . .
kn =Ny = N.a('y) = N.E(auu +0,0)
=N.(O41 + OyU + (Ouulh + Ouy0)U + (Cupll + 04y V)0)

[ = Lu® + 2Mub + N2,
NI S

Definition 6.1

The principal curvatures of a surface patch are the roots of the equation

det(Erpwny) = 0, = thewtiesd [LITOL (g

L-kE M-kF| _

M —-kF N -«G =0. (12)




JProposition 6.3

Let k1 and k3 be the principal curvatures at a point P of a surface patch o.

Then,

(i) K1 and ko are real numbers;

(i) if k1 = k2 = K, say, then Fir = kF; and (hence) every tangent vector to
o at P is a principal vector;

(1i) if 51 # Ko, then any two (non-zero) principal vectors t; and ty corre-
sponding to k1 and K2, respectively, ge\m%&

In case (ii), P is called an umbilic.

Corollary 6.1 (Euler's Theorem)

Let v be a curve on a surface patch o, and let k1 and k2 be the principal
curvatures of @, with non-zero principal vectors t, and t2. Then, the normal
curvature of 7 is

Kn = K1 COS2 0 + kg sin? 4,
where 6 is the angle between 4 and t;.
Corollary 6.2

The principal curvatures at a point of a surface are the mazimum and minimum
values of the normal curvature of all curves on the surface that pass through
the point. Moreover, the principal vectors are the tangent vectors of the curves
giving these marimum and minimum values.
Proposition 6.4
Let N be the standard unit normal of a surface patch o(u,v). Then,
Ny = a0y + b0y, N, =coy, +doy,

(b &)=z

The matrix L 7,1 is called the Weingarten matriz of the surface patch o,
and is denoted by W.

where

Proposition 7.1

Let o(u,v) be a surface patch with first and second fundamental forms
Edu® + 2Fdudv + Gdv? and Ldu® + 2Mdudv + Ndv?,
respectively. Then, /I 1 g F 1
; LN-—M? T LF &
() K= %5=Fr; ,ﬂl ~ ]
) m=iqmuepe, (L=, )

(i) the principal curvatures are H + VH? — K.
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